This study investigates the finite-time synchronization of uncertain nonlinear complex dynamic networks with time-varying delay. For a class of complex network models with time-varying delay and uncertain system parameters, the time delay changes infrequently, uncertain terms are unknown but bounded, and the matching conditions are satisfied. The coupling relationship between nodes is a nonlinear function with time delay, and the function satisfies the Lipschitz condition. A new criterion for the finite-time synchronization of a class of complex dynamical networks with variable delay is obtained, and the upper bound of the time for the system to achieve synchronization is presented by constructing a suitable Lyapunov-Krasovskii function, designing a nonlinear controller, and combining analysis techniques, such as matrix inequality. Finally, the validity of finite-time synchronization is verified through computer simulation.
Introduction
Many real-world systems, such as a communication system that consists of opulent interacting, interdependent components that are used to accomplish a unified goal of transmitting and receiving signals, can be described using complex network models. This system is considered as a complex network, and the units that compose the entire system is regarded as the nodes of the complex network. The introduction of a complex network model provides a huge convenience for people to solve many practical problems and has been extensively investigated [1] [2] [3] . Synchronization, as a major feature of complex networks, has attracted considerable attention. At present, many different styles of synchronization, such as complete [4] , global [5] , cluster [6] , lag [7] , exponential [8] , and finite-time synchronization [9] , are available.
Delays regularly occur in complex networks given the limited speed of signal transformation or other factors. Various phenomena, such as gravitational time delay, signal propagation over long lines, and human stress response, are inevitable in practical complex dynamic networks. Therefore, the study of synchronization in complex networks must focus on delays to ensure the stability of a system. Many studies on time delay have been recently conducted. The fractional-order synchronization of complex network systems subjected to coupling delay was investigated [10] . Sun et al. [11] theoretically analyzed the feasibility of a complex dynamic network with time delay and discontinuous internal coupling relationship to achieve synchronization. Ma et al. [12] proposed several sufficient conditions that can facilitate synchronization of a single complex network with Markovian jump and time-varying delay by using a pinning control strategy. Wang et al. [13] obtained sufficient conditions for the synchronization of complex systems with time-varying delay by adopting the pinning control strategy.
In practical applications, the system is often expected to reach the synchronous state in a short time. In terms of synchronization speed, exponential synchronization, which can only be synchronized in an infinite time, has received widespread attention due to its fast convergence speed. However, the application of the system will be limited when the system can only be synchronized within an infinite time. Thus, finite-time synchronization of complex networks has attracted considerable attention in recent years. Many studies have been conducted recently on finite-time synchronization of complex networks with time delay. Li et al. [14] realized the synchronization of finite and fixed time delays of a complex dynamic network simultaneously by designing a new controller and using aperiodic intermittent control and obtained several sufficient conditions for system synchronization through eigenvalue characterization. Zhang and Shen et al. [15] proposed several new criteria that can ensure multiple complex systems to achieve finite-time synchronization under periodic or aperiodic discontinuous controllers. Li et al. [16] obtained several sufficient conditions for finite-time synchronization of nonlinearly coupled networks with time-varying delay by performing a new analysis. The finite-time non-fragile synchronization of stochastic complex networks was evaluated in [17] . Xiao and Gan [18] used a continuous finite-time controller and combined linear feedback with finite-time control theory to accomplish the finite-time synchronization of a complex dynamic network with delay.
Except for time-varying delay, fluctuation of system parameters, interference of the external environment, and other phenomena are common and unavoidable, thereby possibly affecting the synchronization performance and stability of a system. In addition, the difference between component and standard parameters may cause changes in other data. Therefore, the study of an uncertain system has huge theoretical importance and much practical value. Few results have been obtained on this issue. For example, in [19] , the unknown disturbance and coupling delay were analyzed by employing fractional-order lowpass filter and Luenberger-type state observer. Reference [20] solved the robust finite-time synchronization of an uncertain Markovian complex dynamic network with time-varying delay and reaction-diffusion terms. By designing a feedback controller with update law, Mei [21] evaluated a class of finite-time synchronization problems of a drive-response system that can identify topology structure and uncertain parameters simultaneously and obtained a sufficient condition that can ensure a system to achieve synchronization.
Collectively, the finite-time synchronization of uncertain complex dynamical networks with time-varying delay must be investigated in theoretical and practical applications. Few studies have considered the time-varying delay and uncertainty of a system simultaneously. Zhao and Zheng [22] obtained several new results on finite-time parameter identification and synchronization problems of an uncertain complex dynamic network with disturbance and constant time delay. Wang et al. [23] obtained several sufficient conditions for an uncertain complex network with delay by treating many coupling terms as zero terms to attain a finite-time chaotic synchronization state. Reference [24] combined finitetime robust tracking theory with composite nonlinear feedback control and obtained a new criterion of a complex network with external disturbance, parametric uncertainty, and delay to achieve finite-time synchronization. Chaotic systems are considered in Ref. [23, 24] . Yang et al. [25] assessed various finite-time cluster synchronization problems of a T-S fuzzy complex network with nonlinear and probabilistic coupling delays. Zhang and Han [26] realized the finite-time synchronization of two complex networks with different poles, time-varying coupling delays, uncertain parameters, and uncertain topology through a special method of unilateral coupling control; however, the coupling in the investigated system was linear.
Given the above-mentioned analysis, the present study investigates the finite-time synchronization problems for uncertain complex dynamical networks with time-varying delays. Considering the nonlinear internal coupling of nodes of complex networks in many practical models, the internal components must be nonlinear when the network nodes are used as running components. Therefore, in this paper, the coupling relationship between nodes in the system is considered as a nonlinear function and satisfies Lipschitz's condition. In addition, the uncertain term contained in the system is unknown bounded, satisfying the matching condition. Several sufficient conditions for the finite-time synchronization of the uncertain complex dynamic network with time-varying delay are obtained by designing practical controllers. Numerical simulation is performed to verify the effectiveness of the proposed method.
The highlights of this study are presented as follows: 1. A new class of complex dynamic network models with finite-time synchronization control is investigated. The uncertainty of the nodes, the nonlinear coupling between different nodes, and the time-varying coupling delay are all included in this model. 2. A non-fragile control method is proposed and new conclusions are obtained on the basis of the new complex network model. That is, some sufficient conditions for the systems are obtained to achieve finite-time synchronization, and the upper bound of the time required to achieve synchronization is also found. 3. For the proposed complex network model with time-varying delay, Jensen's inequality and other analysis techniques are used to estimate the maximum time delay allowed for the synchronization under the condition that the finite-time synchronization of the system is realized and the parameters are known. The remainder of this paper is organized as follows. The model of an uncertain complex dynamic network with nonlinear coupling and some preliminaries is introduced in Sect. 2. Some sufficient conditions for the system to achieve finite-time synchronization are obtained in Sect. 3. Several numerical examples are given in Sect. 4 to verify the effectiveness of the theoretical results. Finally, a summary is presented in Sect. 5.
Preliminaries
An uncertain complex network with time-varying delay is considered as follows:
where x i (t) = (x i1 (t), x i2 (t), . . . , x in (t)) T ∈ R n is the state variable of the ith node, f (x) ∈ R n is a continuous differentiable nonlinear vector function describing the dynamic characteristics of nodes, g(x) ∈ R n is a smooth nonlinear vector function representing the internal coupling between node state variables, C = (c ij ) N×N , D = (d ij ) N×N are externally coupling parameters that represent the topology structure and coupling strength of the network. If there is interaction between node i and node j, c ij = 0, d ij = 0, otherwise, c ij = 0, d ij = 0. In addition, diagonal elements of the matrices C and D are defined as follows:
A is a given constant matrix, and A(t) is an uncertain matrix but norm bounded, which satisfies
where H, E 1 are known constant matrices with appropriate dimensions, F(t) is unknown time-varying matrix function, and satisfying that F T (t)F(t) ≤ I, I is an identity matrix with suitable dimensions.
Remark 1 Many systems can be characterized by model (1) in practical life. For example, the epidemic disease spread model can be represented by model (1) . In this model, everyone can be seen as a node in the network, and disease-related factors are regarded as the components of the nodes. The relationship between the components is nonlinear, and uncertainties are found in the parameters of the system. The influence between people is nonlinear. In addition, the spread of a virus from person to person and the onset of individual diseases will have a certain time delay. Owing to the difference in the strength of each person's physical resistance, time delay produced by different individuals is different and can be regarded as time-varying. The nonlinear coupling is ubiquitous in most practical systems. Several scholars have investigated the nonlinear coupling between various factors within the node [10, 15, 16, 27, 28] .
Remark 2 Existing studies on the complex dynamic network have rarely considered parametric uncertainty and time-varying delay simultaneously. Only certain literature [29] [30] [31] [32] [33] [34] has both investigated parametric uncertainty and time-varying delay. For example, Ref.
[29] evaluated the exponential synchronization of complex networks with uncertain parameters; Ref. [30] assessed a complex network with uncertain internal coupling matrix; in addition, Ref. [31, 33] investigated a complex network with uncertain delay; Ref. [32] analyzed robust synchronization with unmodeled dynamic behavior functions, and Ref.
[34] considered internal and multiple time-varying coupling time delays simultaneously. However, all of the above-mentioned literature on synchronization was based on infinite time.
Definition 1 ([35])
The delayed dynamic networks (1) is said to be synchronized in finite time, if there exists a constant t * > 0 (t * depends on the initial state vector value
Assume that e i (t) = x i (t)s(t) is the synchronization error. According to system (1), we can get the error system as follows:
(3)
is the control input function in model (1). This paper designs a controller that enables system (1) to achieve finite-time synchronization:
where h 1 , h 2 , h 3 , h 4 are positive constants, sign(e i (t)) = -1, e i (t) < 0, 0, e i (t) = 0, 1, e i (t) > 0.
Remark 3 Some literature works have recently investigated such controllers. The finite and fixed time synchronization of complex networks with delay were evaluated in [14] . Finite-time synchronization of multi-layer nonlinear complex networks was achieved by using intermittent feedback control in [15] , and linear complex networks were assessed under the same state in [36] . The problem of adaptive finite-time outer synchronization between two complex networks was solved in [37] . Finite-time synchronization of chaotic systems was investigated in [38] . However, system uncertainty is disregarded in the abovementioned literature.
To end this section, we introduce some assumptions and lemmas for the proof of the main results in the paper. 
Assumption 2 For the vector-valued function f (t, x(t)), assume that there exist positive constants L > 0 such that f satisfies the semi-Lipschitz condition
Lemma 1 (See [39] Jensen's inequality) For any constant matrix Z ∈ R n×n , Z = Z T > 0, two scalars g 2 ≥ g 1 > 0 such that the following integration is well defined, then
Lemma 3 (See [41] ) Assume that a continuous, positive-definite function V (t) satisfies the following differential inequality:
where ω > 0, 0 < ρ < 1 are constants. Then, for any given t 0 , V (t) satisfies the following inequality:
Lemma 4 (See [42] Schur complement) For a given symmetric matrix S = S T = [ S 11 S 12 * S 22 ], where S 11 ∈ R n×n , the following conditions are equivalent:
Main results
This section focuses on the finite-time synchronization of the complex dynamic network (1) with the control input (4), and some sufficient conditions can be obtained from the following theorems to ensure that the time-varying delay system (1) achieves finite-time synchronization.
Theorem 1 If Assumptions 1 and 2 are all established, positive scalars ζ i1 , ζ 1 and ζ 2 are achieved, and the positive symmetric matrices P i , S i and Q i are assumed, satisfying
where
then the error system (3) can realize synchronization under the action of controller (4) at a finite time t * ,
, h 3 λ min (P), h 4 λ min (P)), P = diag(P 1 , P 2 , . . . , P N ).
The derivative of V along the trajectories (3) and the controller (4) is given bẏ
According to Assumption 2, we can get
, h 3 λ min (P), h 4 λ min (P)). We havė
According to Lemma 1,
According to Lemma 2,
If the inequality (5) holds, theṅ
From Lemma 3, we can conclude that the system (1) can reach synchronization in a finite time t * , and the time t * is given by Remark 4 Numerous achievements on finite-time synchronization of complex networks have been accomplished, and few studies have considered parametric uncertainty and time-varying delay simultaneously. Reference [12] investigated the robust and stochastic finite-time synchronization of Markovian complex network with reaction-diffusion terms. Reference [20] discussed a neural network. For the system model studied in Ref. [21] , the internal coupling relationship is linear, which is different from our model and method. Reference [25] evaluated the cluster synchronization of a fuzzy complex network.
Theorem 2 Assume that there are symmetric positive-definite matricesP i ,S i , Q i and positive scalars ζ i1 , ζ 1 , ζ 2 so that the following inequalities hold: 
Then uncertain complex networks can achieve finite-time synchronization.
Proof According to Lemma 4, the matrix inequality (5) is equal to the inequalities:
Premultiplying and postmultiplying both sides of (9)-(10) by diag([P -1 i , I, I, I, I]), diag([S -1 i , I]), respectively, it is clear that inequalities (9)-(10) are equal to ⎡ (13) are equal to (6)- (7) .
Remark 5 According to Theorem 1, the maximum value of time delay τ m , which ensures finite-time synchronization is realized in the system, can be calculated, and the maximum value can be obtained by optimizing LMI (6) . At present, some scholars have studied this problem, but few have applied this method to the problems of finite-time synchronization in complex networks. The extended dissipative synchronization of complex dynamic networks was studied in [43] . Yu [44] proposed a kind of mixed topologies with time delay, Shi [45] researched the outer synchronization problem of delayed complex network under pinning control, Wang [46] studied the synchronization problem of two nonidentical complex-valued neural networks, Huang [47] obtained some sufficient conditions for the Markovian jump complex networks to achieve finite-time H ∞ sampled-data synchronization. However, this work did not consider the problem of time-delay related finite-time synchronization, which is due to the difficulty of controller design.
In the proof of Theorem 1, for the system (1), if P is an identity matrix when constructing the Lyapunov-Krasovskii function, then the following conclusion can be reached easily. Assumptions 1 and 2 , positive scalars ε i1 , ε 1 , ε 2 are known. If there exist positive-definite symmetric matrices S i and Q i satisfy
Corollary 1 Under
Then the error system (3) can reach synchronization at finite time. The time can be estimated as
No uncertainty exists in the system when A(t) = 0, and the equation of state at this time iṡ
The error state function iṡ
Corollary 2 Suppose that there exist positive-definite matrices P i , S i and Q i , positive scalars ε 1 , ε 2 to make the following inequality holds:
Then we can draw the conclusion that the error system (16) can realize finite-time synchronization. And the settling time
where M = min(h 2
, h 3 λ min (P), h 4 λ min (P)).
Remark 6 Finite-time synchronization of complex network models without uncertainties has been investigated and has obtained considerable results. However, these studies are different from the model or method proposed in this paper. For example, in the network model of Ref. [18] , the coefficient matrix of the dynamic characteristic function is an identity matrix, and the coupling relationship between the nodes is a linear matrix. Reference [28] evaluated a class of neural networks. Reference [48] assessed unilateral coupling of complex networks. Reference [49] investigated hybrid projective synchronization.
In Theorem 1, we design the controller with indeterminate exponential terms θ , in which only condition 0 < θ < 1 must be satisfied. However, in some cases, we can directly specify the exponential value in the controller, so that we can calculate the time required for the system to achieve synchronization. Especially, when θ = 0, the controller takes the following form: · e i (t) e i (t) 2 ,
where Π = (1, 1, . . . , 1) T n .
Corollary 3
Under Assumptions 1 and 2, and when positive scalars ε i1 , ε 1 and ε 2 are available, assume that there exist positive-definite symmetric matrices P i , S i and Q i , so that
where , h 3 λ min (P), h 4 λ min (P)).
In the actual application of the system, implementing the controller is affected by different factors, such as hardware and software. Thus, the controller parameters have an uncertain change, and this change causes the performance of the system to decline or destroy the original stability. The system becomes fragile when a traditional controller is used. Thus, we use a non-fragile controller. A good control performance can be maintained under the uncertainty that the controller allows through this method. Then the feasibility of the theory is proven. When the controller is expressed in the following form:
where K i ∈ R n×n is the constant control gain, h 1 , h 2 , h 3 > 0,and K i (t) are the normbounded uncertain matrix of the system, which satisfies K(t) = HF(t)E 2 , then, for the complex dynamic network (1), we can draw the following conclusion.
Theorem 3 Assume that Assumptions 1 and 2 are established, ε i1 , ε i2 , ε 1 and ε 2 are known positive scalars, and positive-definite matrices K i , P i , S i and Q i exist to satisfy the following Page 14 of 22 requirements:
then system (1) is synchronized in a finite time, and the time is calculated as , h 2 λ min (P), h 3 λ min (P)).
Proof Construct an appropriate Lyapunov-Krasovskii function,
Then, combined with the proof of the relevant part of Theorem 1, we can get the following results: , h 2 λ min (P), h 3 λ min (P) ,
Using a proof method similar to that in Theorem 1, we can geṫ
Then we can know the error system (3) will synchronize in finite time t * ,
Remark 7 Let U i = P i K i . In a computer simulation, the values of the matrices P and U can be calculated, and the value of the matrix K can be calculated using K = P -1 U.
Remark 8 In Theorem 3, we investigate the non-fragile control of a complex network system with uncertainty and time delay. In many practical applications, the parameters of the controller considerably vary. A non-fragile controller can be used to accurately estimate the upper bound of the time required for the system to reach the finite-time state. In Ref. [17] , the author investigated a class of finite-time boundedness synchronization of stochastic complex networks. In Ref. [25] , although the non-fragile controller is considered, the internal coupling relationship in the complex network model is linear, and only the matrix is uncertain. Clearly, this situation is a special form of the proposed model.
In practical systems, uncertainty is ubiquitous. For systems without uncertainty, such as model (15) , system instability may occur given the changes in controller parameters. Here, we investigate the finite-time synchronization problem of system (15) by using a non-fragile controller (21) .
Corollary 4
For system (15) , under Assumptions 1 and 2, if positive-definite symmetric matrices K i , P i , S i and Q i exist, so that
where , h 2 λ min (P), h 3 λ min (P)).
In certain cases, the time delay in the system is a constant. For such a system, we can draw the following conclusion.
Corollary 5
If there exist matrices P i , K i , S i and Q i , and the inequality (22) is existent,whereτ (t) = 0, then we consider the system (1) is synchronized at time t * , 
Numerical simulation
In this section, a numerical simulation is conducted to verify the main results of the theoretical analysis presented above. For a network model with six nodes, the internal dimension of each node is three, and the coupling between nodes, time-varying delay, and uncertainty are considered, and the state function of the system is described aṡ
Remark 9 Taking the epidemic disease spread model described in Remark 1 as an example, this paper investigates the finite-time synchronization problem of uncertain complex networks. Synchronization aims to ensure consistency of the relevant physical indicators of each patient with those of a healthy person.
The definition of f (x) is given as follows, where 3 (t) (-x 2 (t) + x 3 (t))(25 -10 cos(4.8t)) -x 1 (t)x 2 (t) -(15 cos(4.8t) + 12)x 2 (t) + (13.3 -14 cos(4.8t))x 3 (t)
The chaotic trajectory of the system (27) can be seen in Fig. 1 .
Given the values of the matrix A, C, D, H, E 1 , and other parameters in the system, The nonlinear vector-valued function in the complex network are described by g(x) = tanh(x), τ (t) = 1/2 -1/3e -t . According to Theorem 1 and the LMI toolbox in MATLAB, P i , S i and Q i satisfying condition (5) of Theorem 1 can be obtained, and the motion trajectory of the error system without and with the controller is shown in Figs. 2, 3, 4 , respectively. According to Fig. 3 , the system can achieve fast synchronization in a short time by using the controller (4) when θ = 0.3. At this point, the maximum time delay allowed by the system is 0.692 s. In Fig. 5 , θ = 0.8. Hence, the required synchronization time for the system increases compared with Fig. 3 . Figure 6 shows a faster convergence rate than Fig. 3 . Therefore, the required synchronization time for the system can be shortened by appropriately increasing the value of each parameter h i in the controller.
Conclusion
In this study, a finite-time synchronization of uncertain nonlinear complex dynamic networks with time-varying delay is investigated. In this network model, the uncertainty and coupling time delay of the system are considered simultaneously where the uncertainties satisfy the matching conditions. An appropriate feedback controller is designed by constructing the appropriate Lyapunov-Krasovkii function and matrix inequality, and sufficient conditions are obtained for the system to achieve finite-time synchronization. The feasibility of the theorem is verified through a computer simulation.
The controller was designed in this paper to act continuously on each node to guarantee the finite-time synchronization of the system. However, resource utilization must still be improved. Therefore, the addition of an event-triggered mechanism will be considered in future work. The controller and the moment will only be updated when the trigger condition is met to save communication resources and reduce the frequency of controller updates. In addition, the method used in this paper is suitable for a moderate number of network nodes; otherwise, this method will affect the speed of solving matrix inequality in simulation. Hence, another direction that will be considered in the future is the acceleration of the matrix solution when the number of network nodes in the system is large.
